ABSTRACT: Modeling of electrostatic field distribution and energy storage in diphasic dielectrics containing highpermittivity BaTiO3 in a glass host has been carried out using analytical modeling based on the Maxwell Gamett (MG) mixing rule, and numerical simulations accomplished using boundary element method (BEM) method software. The field distribution was studied as a function of the dielectric contrasts and volume fractions of the phases. For the geometry with a high-permittivity sphere enclosed in a low-permittivity glass cube it was found that a dielectric contrast of 75 and volume fraction of 46.8% led to higher energy storage densities than other geometries. For composites with lower volume fractions of high-permittivity inclusions, field enhancement factors of 2.6 were observed, whereas for higher volume fraction composites, field enhancements of 10 were noted. Higher field enhancement factors are expected to lead to dielectric breakdown at lower applied fields, limiting energy density. The upper limit of applicability of the MG formulation in terms of the inclusion volume fraction was also established and is a function of dielectric contrast. The host material permittivity causes a substantial variation in the applicability limit of the MG mixing rule, while the permittivity of inclusion phase does not affect the limit.
INTRODUCTION
The properties of dielectric mixtures have been investigated for more than 100 years [1] [2] [3] [4] [5] . One focus of research in this area has been the development of dielectric bodies with enhanced energy storage capabilities. The approach that has been used most often is the crystallization of a phase with higher permittivity like BaTiO3 in a glass matrix. [6] . The general goal is to take advantage of the high energy storage capacity of the BaTiO3 inclusions and the high breakdown strength of the glass phase. This approach may eliminate the porosity that causes field concentration (enhancement) adversely impacting breakdown [7] .
The dielectric response of such composites has been modeled by a variety of approaches. The description of the dielectric behavior of these materials is based on formulations that include the dielectric properties of the two constituent phases. The geometry of inclusions is also important, and typically, spherical inclusions are assumed. The effective permittivity of a composite may be found from these methods, providing insight into the energy storage characteristics of the material. Linearity, i.e., independence of the permittivity of either phase on field intensity, is assumed.
There have been numerous investigations of such dielectric composites, with particular attention given to the epoxy/BaTiO3 system for embedded capacitors. Recent studies of these composites have resulted in effective permittivities between 20 and 115 [8, 9] , depending on the volume fraction of the filler and attributes of the preparation process.
It has been reported that Maxwell Garnett (MG) formulation for diphasic dielectrics can be applied up to 30 vol% inclusions [10] . Most known mixing rules assume that the lines of electric flux are not distorted by the particles, and hence, there are inherent limitations in accurately predicting the energy storage capabilities of composites [11] . Local inhomogeneities in electric field distribution, i.e., field enhancement and field penetration in the high permittivity (& ) phase, are not taken into account.
The goal of this investigation is to use simulation techniques to engineer diphasic dielectrics with high energy storage densities and breakdown strength. To achieve this goal, the dielectric properties of constituent phases and their volume fractions should be determined. This specifically involves identifying ideal dielectric contrast, which is defined as the ratio of the permittivity of the inclusion phase to the permittivity of the host phase. Results of the simulations are interpreted from the perspectives of field enhancement and field penetration into the high permittivity phase and how these properties are related to dielectric breakdown and dielectric displacement response. A second goal of this work is to determine the limits of applicability of the MG formulation in terms of the inclusion volume fraction.
This paper reports simulation results for diphasic dielectric bodies with different permittivities and volume fractions. The simulations were carried out using the 3D electrostatic software Coulomb, which takes into account local inhomogenities in the field distribution. A 3D composite model based on a sphere enclosed in a cube (SEC) was used, with the cube representing the glass phase and the spherical inclusion the high-permittivity phase. MG formulation was also applied to this system, and the results of the two approaches are compared.
SIMULATIONS

Software
Simulations were carried out using the commercially available software Coulomb from Integrated Engineering Software (Winnipeg, Manitoba, Canada). Coulomb is a 3D code that uses a boundary element method to solve a set of partial differential equations to describe the electrical potential behavior of the material [11, 12] . The underlying physics of the software package is the solution of the Laplace equation. Compared to finite element methods (FEM) and finite difference methods (FDM), the boundary element method reduces the number of calculations that must be performed for the solution of electrostatic potential problems. Automatic grid functions are available within this package, and they have been used in the present research to define the boundary grid. Coulomb allows for the construction of larger 3D structures containing periodically repeated cells with identical properties, which can serve to represent uniform diphasic dielectrics. It should also be noted that the electrical response of the composite with can also be obtained through studying a single cell. 2.2 Maxwell Gamett Formulation MG formulation has historically been the most influential mixing rule for homogenizing particulate composite media. Homogenization of a mixture is used in the quasistatic approximation, when sources and fields are varying slowly. This demands that the characteristic size of scattering particles is small compared to wavelength in the effective medium [14] . The simplest formulation is for a mixture of a base material with relative permittivity 8b and spherical inclusions with relative permittivity t, as given by: (1)
The overall energy stored can be calculated from the fundamental energy equation, which is a function of the effective permittivity ceff and the square of the applied electric field:
The above mathematical formulation was applied to the SEC models generated in Coulomb to predict effective permittivity, and it was also used to consider the impact of dielectric contrast ratios as well. shows a cell with a "sphere enclosed in a cube" (SEC) geometry and its 3D translation in x, y, and z directions. Simulations using Coulomb were run to understand local field distribution as a function of inclusion volume fraction and its impact on the energy stored in the composite. In these simulations, the applied field was 50 kV/cm, the host phase was assigned a permittivity ranging from 4 to 100, and the inclusion 'high-permittivity' phase was assigned a permittivity from 600 to 1200. The simulated dielectric body was a 9x9x9matrix of cubes (1.1 ,um edge length/cube) and included 729 inclusion spheres. The linear periodic simulation function of the Coulomb code was used to create the dielectric body. The inclusion volume fraction varied from approximately 1 to 50 vol% by varying the radius of the spherical inclusions from 0.2 ,um to 0.53 ,tm. Energy density predictions of Coulomb were compared with the MG results for inclusion volume fractions up to 30%.
The software was also used to simulate the impact of the permittivity of the host phase on the field enhancement within that phase. Studies in this area are of interest since field enhancement can affect breakdown strength. The effects of dielectric contrast were studied by adopting two strategies: (1) varying the permittivity of host phase, and (2) varying the permittivities of both host and inclusion phases. Simulations were also carried out to map field penetration into the high-permittivity phase, since this can result in higher energy storage densities.
Effects of Inclusion Volume Fraction and Dielectric
Contrast on Local Field Distribution Field distribution inside a composite has two main components: (1) the field enhancement that takes place as the electric field lines encounter a sharp discontinuity in permittivity across a diphasic interface; and (2) field penetration into the high permittivity phase. The first component is an important parameter that affects the breakdown strength of the composite while the second is critical to achieve higher energy storage densities. 2 illustrates how the properties of the two phases and the size of the inclusion can impact the field enhancement behavior within the composite. Smaller inclusion size and the proximity of the high-permittivity inclusions to each other can have a significant impact on the field enhancement factor. This factor is defined as the ratio of the maximum field present in the composite to the magnitude of the applied field. According to Fig. 2 , for the smallest inclusions (0.2 ,um radius), the field enhancement factor is about 2.6x. In contrast, for larger inclusions, field enhancement factors of > lOx are observed. Thus, for an applied field of 50 kV/cm, the local field in the vicinity of an inclusion can vary from -130 to -600 kV/cm. Fig. 2 also shows the influence of permittivity on field enhancement. The dielectric contrast was varied from approximately a factor of 16 (host 8b = 36 and inclusion c, = 600) to 300 (host 8b = 4 and inclusion t, = 1200). For glass phases with higher permittivity (36 vs. 4), field enhancement factors are reduced by -25%. These results clarify the role that the properties of the phases and microstructural characteristics can exert on local field behavior within the dielectric. Fig. 3 shows that significant field penetration into a high permittivity inclusion only occurs when the dielectric contrast is reduced to < 75. The figure also shows that field penetration into the inclusion can increase when the volume fraction of the high permittivity phase increases. These results are important for the design of high energy density composites, since significant field penetration into the highpermittivity phase is required to achieve high energy density values. It should also be mentioned that as the dielectric contrast between the phases is reduced, an increase in energy density may be caused by interfacial polarization phenomena [15] . 
Coulomb and Maxwell Garnett Comparison
Energy density predictions for the SEC structure using Coulomb and the MG model were calculated up to 30 vol% inclusions. The deviation between Coulomb and MG predictions began to occur at very low volume fractions. It was decided that 10% discrepancy between MG and Coulomb would be considered as a significant difference between the two approaches. Fig. 4 shows a plot of discrepancy (reported in %) between the MG and Coulomb as a function of % volume fraction for the SEC structure, under an applied field of 50 kV/cm. It may be seen that for a dielectric contrast of 300, the volume fraction limit after which MG does not hold is approximately 4%. As the dielectric contrast is reduced to 16, the limit shifts to around 5.5% and when the dielectric contrast is further decreased to 6, the limit shifts to around 7%. From this plot it may be observed that the volume fraction limit for MG model applicability increases as the dielectric contrast decreases. Thus, the smaller the difference between the permittivities of the two phases, the higher volume fraction up to which the MG formulation can be applied. This result tends to confirm that the inclusion volume fraction limit governing the applicability of the MG mixing rule is a function of the dielectric contrast of the composite. 5 shows a plot of the discrepancy between the MG model and Coulomb. Compared to the earlier case, in this study, the dielectric contrast is varied through variation of inclusion permittivity, while the permittivity of inclusion phase is held constant. It may be seen that there is again a substantial difference in the inclusion volume fraction limit, when only the permittivity of the host is varied. It is found that the volume fraction limit of applicability of MG varies from approximately 5 to 8%. Thus, the host permittivity can limit the applicability of the MG approach with increasing volume fractions of inclusions. enhancement factor of 2.6x was observed, whereas for higher volume fraction composites, a field enhancement of 1 Ox was observed. The higher the field enhancement factor, the higher the probability of electric breakdown. The upper limit of applicability of the MG formulation in terms of the inclusion volume fraction was also investigated. This limit is a function of the dielectric contrast, and it was found that as the dielectric contrast decreased, the MG applicability range increased. This indicates that for mixing rules to hold valid, dielectric contrast should be low. As the dielectric contrast was reduced to 16, the limit shifted to around 5.5% and when it further decreases to 6, the limit shifted to around 7 to 8% Variation in the host material permittivity caused substantial variation in the limit of applicability of the MG mixing rule, while variation in the permittivity of inclusion phase did not affect the limit.
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This To explore the effect of varying dielectric contrast through variation of inclusion permittivity, a plot similar to those in Fig. 4 and 5 has been obtained, and it is shown in Fig 6 . This plot demonstrates that inclusion permittivity does not affect the inclusion volume fraction limit at which MG predictions begin to lose accuracy. However, if applying the incremental MG model [10] , the limit related to the maximum volume fraction of inclusions might be overcome.
CONCLUSIONS
Modeling of electrostatic field distribution and energy storage in diphasic dielectrics containing high-permittivity BaTiO3 in a glass host material have been studied using analytical modeling based on the Maxwell Garnett mixing rule and numerical simulations using software based on a BEM method. The field distribution was studied as a function of the dielectric contrast and volume fraction of the inclusion phase. In the geometry with a high-permittivity sphere enclosed in a low-permittivity glass cube it was found that a dielectric contrast of 75 and volume fraction of 46.8% led to enhanced field penetration into the high permittivity phase. This should increase the energy density of the composite, assuming that breakdown behavior can be effectively managed (see below). These results suggest opportunities for microstructural and compositional engineering to achieve high energy density dielectrics. For composites with lower inclusion volume fractions, a field
